In this paper we construct, by means of random power series, the solution of second order linear differential equations of Legendre-type containing uncertainty through its coefficients and initial conditions. By assuming appropriate hypotheses on the data, we prove that the constructed random power series solution is mean square convergent. In addition, the main statistical functions of the approximate solution stochastic process generated by truncation of the exact power series solution are given. Finally, we apply the proposed method to some illustrative examples to compare the numerical results for the average and the variance with respect to those obtained by Monte Carlo approach.
Introduction
Deterministic Legendre differential equation as well as its polynomial solutions play an significant role in the solution of physical problems [1] . As only a few examples, we mention that they appear in solving Kepler equation to study the motion of the planets or in the solution of physical problems based on partial differential equations using spherical coordinates. Specific examples in this latter sense are: the resolution of Laplace equation to compute the potential of a conservative field such as the space gravitational potential, the resolution of Poisson equation to compute the potential of a non-conservative field such as the electrostatic potential of charged bodies, the resolution of D'Alembert equation to study the wave propagation in strings, membranes or solid bodies, etc, [1] [2] [3] [4] [5] [6] . In practice, the involved data in these applied problems, such as coefficients, forcing terms and/or initial conditions, need to be fixed after careful measures that usually contain the error of the corresponding measuring instruments. The inherent complexity of the surrounding medium or materials involved in the mathematical modeling of previous physical problems makes more realistic to assume that the data are random variables or stochastic processes rather than deterministic constants or functions. As a consequence, it seems to be advisable to develop reliable methods to study the random counterpart of the deterministic Legendre differential equation.
In dealing with random differential equations and their applications to complex problems appearing in different scientific areas useful methods are available such as Monte Carlo [7, 8] , polynomial chaos [9, 10] , Wiener-Hermite technique [11, 12] , dishonest method [13] , [14, p.144 ], Itô calculus [15, 16] , etc. In this paper we consider the so-called mean square and mean fourth calculus which constitute powerful approaches to deal with random differential equations [17, 18] .
The aim of this paper is to construct mean square power series solution of the random Legendre differential equation
2 )Ẍ(t) − 2tẊ(t) + A(A + 1)X(t) = 0, |t| < 1,
where A is a non-negative random variable satisfying certain conditions to be specified later. This includes the computation of the main statistical functions of the solution stochastic process such as its average and variance functions. Some of the tools and techniques to reach this first goal are shared with those that some of the authors have recently presented to study random Airy differential equation [19] . We point out that an important difficulty to be overcome is the lack of sub-multiplicativity of the mean square norm (and hence also of the mean fourth norm) together with the necessity of bounding products of random variables that appear as coefficients of the constructed mean square power series solution.
The paper is organized as follows. Section 2 deals with some preliminaries about the mean square and mean fourth calculus that will be required throughout the paper. The concept of fundamental set of solution stochastic processes for equation (1) is introduced in Section 2. In addition, this section includes an important inequality related to the norm of the product of random variables which will play a key role in the next section since it manages satisfactorily the lack of submultiplicativity of the mean square and mean fourth norms. Section 3 deals with the construction of a mean square convergent power series solution to (1) in the case that A is a non-negative random variable satisfying certain conditions related to the exponential growth of its absolute moments with respect to the origin. Average and variance statistical functions of the truncated random power series solution are studied in Section 4. In Section 5 we show some illustrative examples where we compare numerical results for the average and variance obtained by random power series and Monte Carlo approaches, respectively. Finally, conclusions are presented in Section 6.
Preliminaries
For the sake of clarity in the presentation, we begin this section by introducing some concepts, notations and results that may be found in [17, chap.4] , [20, part IV], [21, chap.1-3] . Let (Ω, F , P ) be a probability space. In this paper we will work in the set L 2 which elements are second order real random variables (2-r.v.'s), i.e., X : Ω → R such that E[X 2 ] < ∞, where E[·] denotes the expectation operator. One can demonstrate that L 2 endowed with the socalled 2-norm
has a Banach space structure.
As it is usual, given a r.v. X, E [|X| s ], s > 0 will denote the s-th absolute moment with respect the origin. Note that, E |X| 0 = 1. It is easy to prove
The following result, so-called c s -inequality, is useful for bounding the absolute moments of a binomial expression in terms of the absolute moments of both summands [20, p.157] . Moreover it establishes that if s-th absolute moments of X and Y are finite then s-th absolute moment of X + Y does
We say that {X(t) : t ∈ T } is a second order stochastic process (2-s.p.), if the r.v. X(t) ∈ L 2 for each t ∈ T , being T the so-called space of times. Throughout this paper we will assume that T is always a real interval. The expectation function of X(t) provides a statistical measure of its average statistical behavior on the domain T and it will denoted by E [X(t)] or µ X (t), while its covariance function Cov [X(t), X(s)] is defined by
When s = t, this yields the variance function
which gives us a measure of the fluctuation of the s.p. about its mean function on T . The term Γ X (t, s) = E [X(t)X(s)] appearing into (2) is called the correlation function and it plays an important role in the m.s. calculus because many important stochastic results can be characterized through this two-variables deterministic function (see, [17, chap.4 
]).
A sequence of 2-r.v.'s {X n : n ≥ 0} is said to be mean square (m.
Later we will present a method to provide an approximate solution s.p. to random differential equation (1) . The following properties will play a fundamental role when we are interested in computing the mean and the variance functions of such approximations as well as assuring that they are close to the correspondent exact values.
Lemma 1 ([17, p.88]) Let {X n : n ≥ 0}, {Y n : n ≥ 0} be two sequences of 2-r.v.'s m.s. convergent to X and Y , respectively. Then
In particular,
Remark 2 This result can be straightforwardly extended to a sequence of s.p.'s that suits better our interests. In this case note that if {X n (t) : t ∈ T } m.s. converges to X(t) for t ∈ T ⊂ T then the domain of convergence of the average and variance is at least T , but it could be even larger.
A 2-s.p. {X(t) : t ∈ T } is said to be m.s. continuous in T if
for each t ∈ T , such that t + τ ∈ T (see Example 4 below). A 2-s.p. {X(t) : t ∈ T } is said to be m.s. differentiable at t ∈ T andẊ(t) denotes its m.s. derivative if
for all t ∈ T , such that t + τ ∈ T . These two m.s. concepts kept the same relation that their deterministic counterparts, i.e., if {X(t) : t ∈ T } is m.s. derivable at t then it is also m.s. continuous at t [17, p.95]. The following example will be used in our subsequent development.
Example 3 ([19, examples 2 and 3]) Let {X n : n ≥ 1} be a sequence of r.v.'s in L 2 and t ∈ T being T a real interval, then for each positive integer n 0 , the 2-s.p. {X n 0 t n 0 : t ∈ T } is m.s. derivable and then m.s. continuous for all t ∈ T . The m.s. derivative of this s.p. is given by: n 0 X n 0 t n 0 −1 .
If X and Y are 2-r.v.'s, Schwarz inequality establishes that
A generalization of this result is the Holder inequality that will be required later [20, p.158 ].
Example 4 Let X(t) = A(A+1)/(1−t 2 ) be a s.p. defined on D = {t : |t| < 1}, where A is a 4-r.v. Let us denote g(t) = 1/(1 − t 2 ) which is continuous on D. Then applying Schwarz inequality one gets the m.s. continuity of s.p. X(t) on D:
since both expectations factors are finite because A is a 4-r.v.
Later we will require to use the following basic property
which holds true if A ∈ L 2 , {X n : n ≥ 0} is a sequence of 2-r.v.'s such that X n m.s.
− −− → n→∞ X and A, X n are independent r.v.'s for each n. However, independence hypothesis cannot be assumed in many practical cases like those that we will consider below. This motivates the introduction of r.v.'s X such that E[X 4 ] < ∞ which will be denoted by 4-r.v.'s. Note that a 4-r.v. is a 2-r.v.
The set L 4 of all 4-r.v.'s endowed with the norm
is a Banach space (see [22, p.9] ). A stochastic processes {X(t) : t ∈ T }, where E (X(t)) 4 < ∞ for all t ∈ T , will be called a 4-s.p. Applying Theorem 8, one can prove immediately that
provided that X, Y ∈ L 4 are independent r.v.'s. A sequence of 4-r.v.'s {X n : n ≥ 0} is said to be mean fourth (m. 
Following result is a consequence of Lemmas 1 and 5 and it provides sufficient conditions in order to property (5) holds true without assuming hypotheses based on independence.
Lemma 6 ([19]) Let
A be a 4-r.v. and {X n : n ≥ 0} a sequence of 4-r.v.'s such that X n m.f.
Random linear differential equation (1) can be written in the form
where A 1 (t) and A 2 (t) are m.s. continuous s.p.'s (see Example 4) . Analogously to deterministic framework, in order to describe its solution s.p. X(t) one can first to determine a fundamental set of solutions.
Definition 7 Let A 1 (t) and A 2 (t) be s.p.'s, and let X 1 (t) and X 2 (t) be two solutions of the second-order random differential equation (8) . We say that {X 1 (t), X 2 (t)} is a fundamental set of solution processes of (8) in t 1 < t < t 2 , if any solution X(t) of (8) admits a unique representation of the form
where C 1 and C 2 are r.v.'s uniquely determined by X(t).
The wronskian process W S (t) = X 1 (t)Ẋ 2 (t) − X 2 (t)Ẋ 1 (t) plays a relevant role to provide a fundamental set of solutions. In fact, one can extended the deterministic proof to demonstrate that if there exists t 0 ∈ (t 1 , t 2 ) such that W S (t 0 ) = 0, then S is a fundamental set of solution processes to (8) .
The following result will be useful to take advantage of property (7) to compute some bounds later. We close this section by establishing the following inequality that will play a prime role for bounding the 4-norm of a product of r.v.'s what will be required in the next section.
This result draws directly from the following one by taking X i = (Y i ) 4 and considering the definition of 4-norm given by (6) .
Proof. We proceed by induction on the integer n. For n = 1, the result follows immediately and becomes and identity. Let us assume that (11) holds for n. Then we apply Holder inequality (4) for X = n i=1 X i , Y = X n+1 , r = (n+1)/n and s = n + 1:
(12) By induction hypothesis one gets
Then substituting this expression in (12) one obtains
, which proves the proposition. ⊠
Solving the random Legendre differential equation
This section deals with the construction of a power series solution of the random differential equation (1) which is m.s. convergent in certain domain about t = 0 to be specified later. Hereinafter, we will assume that the absolute moments with respect to the origin of non-negative r.v. A appearing in (1) increase at the most exponentially, that is, there exist a nonnegative integer n 0 and positive constants H and M such that
Equivalently, we assume that
Let us seek a formal power series solution s.p. to problem (1)
where coefficients X n are 2-r.v.'s to be determined. Assuming that X(t) is termwise m.s. differentiable, by applying Example 3, one getṡ
By imposing that (14) , (15) and (17) satisfy (1), one gets
Therefore a candidate m.s. solution s.p. to problem (1) can be obtained by imposing
i.e.,
where we have used that −n(n + 1) + A(A + 1) = (A + n + 1)(A − n). By a recursive reasoning, these coefficients X n can be represented as follows (14) can be represented as
where coefficients X 2m and X 2m+1 are given by (18)- (19) .
Previous exposition has been addressed to obtain a formal power series solution of random Legendre differential equation (1) . Note that we have implicitly applied the commutation between the r.v. A and the random infinite sum given by (14) that, according to Lemma 6, needs to be legitimized. Thus, we have to justify that m.f. convergence of random power series defined in (18)- (20) . We shall do that for the first series X 1 (t) since for the second one we can proceed analogously. By assuming independence between initial condition X 0 and r.v. A, by (7) and Theorem 8 one gets
Under hypotheses (13), we can apply inequality (9) for n = 2 and then we get
Now we bound first factor of right-hand side of (22) applying firstly inequality (9) for n = m, secondly c s -inequality for X = A, Y = −2k + 2 and s = 8m, and finally arithmetic-geometric inequality [24, p.29] :
Taking into account hypothesis (13) we can further bound previous expression
On the other hand, we always can choice an integer m 1 ≥ m 0 ≥ 0, large enough such that: (2m)
Following an analogous reasoning, we can get just the same bound for the second factor appearing in the right-hand side of (22) . As consequence we obtain
what allow us to assures that the following deterministic series majorizes that given in (21):
By applying D'Alembert criterion, it is easy to check that this series is convergent in the domain D = {t ∈ R : |t| < 1/e}, where e = exp(1) is the Euler constant. Therefore, random series X 1 (t) given by (18)- (20) is m.f. convergent in D, and so by Lemma 5 is also m.s. convergent. Following an analogous way, it is easy to establish the m.s. convergence of the second series X 2 (t) given by (19)- (20) in the same domain. Note that the reasoning above shows that both series solution X 1 (t) and X 2 (t) are m.s. uniformly convergent, therefore taking into account Example 3 and theorem 10 of [19] , the formal differentiation considered in (15)- (16) is justified. On the other hand, taking t 0 = 0 and considering that X 1 (0) = 1,Ẋ 1 (0) = 0, X 2 (0) = 0 andẊ 2 (0) = 1, one gets that W S (0) = 1 = 0, then according to (9) the solution of random differential equation (1) with random initial conditions X(0) = X 0 andẊ(0) = X 1 is given by
where X 1 (t) and X 2 (t) are defined by
where P 1 (m) and P 2 (m) are given by (18), (19), respectively. Summarizing the following result has been established:
Theorem 11 Let us assume that r.v. A satisfies condition (13) and it is independent of r.v.'s X 0 and X 1 . Then the differential equation (1) with initial conditions X(0) = X 0 ,Ẋ(0) = X 1 admits a random power series solution of the form (23)- (24) and (18)- (19) . Moreover the solution is m.s. convergent for each t ∈ D = {t ∈ R : |t| < 1/e}.
Remark 12
Unlike its deterministic counterpart where the domain of convergence of the correspondent power series solution is D = {t : |t| < 1} [3, p.183], Theorem 11 just guarantees a smaller domain given by D. We point out that regarding the construction of the solution stochastic process to random differential equation (1) this is not an inconvenient of the previous approach. In fact, one the random power series solution X 1 (t) has been constructed on the domain D = D 1 = (0, t 1 ) with 0 < t 1 < 1/e, an extended solution, say X 2 (t), can be constructed on the domain D 2 = ( t 1 , 2 t 1 ) by applying exactly the same argument but considering as initial conditions X 2 ( t 1 ) = X 1 ( t 1 ) anḋ
. This procedure can be repeated as many times as necessary up to fill D. Note that taking t 1 close enough to 1/e, the procedure will end just in three steps.
From a practical point of view once a non-negative r.v. A has been set, we need to check that it satisfies condition (13) in order to guarantee that random power series given by (23)- (24) and (18)- (19) is m.s. convergent. Although, in general this condition is not useful because of the lack of explicit expressions for the absolute moments with respect to the origin of relevant r.v.'s such as Binomial, Poisson, etc. Nevertheless, if A is a r.v. having finite domain, say, a 1 ≤ A(ω) ≤ a 2 , for each ω ∈ Ω then it satisfies condition (13) . Indeed, without loss of generality let us assume that A is a continuous r.v. with probability density function f A (a), then
Substituting the integral for a sum, previous conclusion remains true if A is a discrete r.v. Note that important r.v.'s such as Binomial, Hypergeometric, Uniform or Beta have finite domain. As a consequence, we can take advantage of the so-called truncation method (see [20] ) to deal with unbounded r.v.'s such as Exponential or Gaussian. In fact, given a r.v. with an unbounded domain it can be approximated by censuring adequately its domain and this approximation can be improved further by enlarging enough the truncated domain (see Example 14 below for details).
Approximate average and variance functions of the mean square random power series solution
This section is devoted to compute approximations of the average and the variance of the m.s. solution defined by (23)- (24) and (18)- (19) . These approximations will be expressed in terms of the data E [
2 and certain moments related to algebraic transformations of the random coefficient A that will be specified later. Note that the solution is an infinite series, then in practice we need to truncate it at finite terms, so we will consider the truncation of order M
which corresponds to a polynomial of degree M.
Since r.v. A is assumed to be independent of random initial conditions X(0) = X 0 andẊ(0) = X 1 , then taking the expectation operator in (25) one gets
(26) Depending whether non-negative r.v. A is discrete, with probability mass function p A (a), or continuous, with probability density function f A (a), the expec-tation terms involved in (26) can be computed as follows
Taking into account the expression (3), for computing the variance of the truncated solution process, now we only require to calculate E X M (t) 2 .
Since X(t) = X 1 (t) + X 2 (t), from (20) one gets
where [·] denotes the integer function. To compute the two first terms on the right-hand side we will use the following relationship
The expectations involved in these expressions together with those that are contained in the last term of the right-hand side of (27) can be computed as follows:
where expectations above can be computed as follows:
At this point, Lemma 1 plays a crucial role since it guarantees the convergence of the average and the variance of the truncated solution (25).
Examples
In this section we provide several illustrative examples. The results obtained to approximate the average and the variance by means of the series method presented in this paper are compared with respect to the corresponding ones provided by Monte Carlo approach that can be considered once of the most widespread methods to deals with random differential equations.
Example 13 Let us consider the random differential equation (1) where A is a Beta r.v. with parameters α = 2 and β = 3, i.e., A ∼ Be(α = 2; β = 3). Let X 0 and X 1 be initial conditions such that
We also assume that X 0 , X 1 and A are independent r.v.'s. Note that A satisfies condition (13) since it takes values on the bounded interval [0, 1]. Then Theorem 11 guarantees that the m.s. series solution of problem (1) with initial conditions X 0 and X 1 is given by (23)- (24) and (18)- (19) , and it is m.s. convergent on [0, 1/e] at least. Table 1 collects the expectation of the truncated solution s.p. for different values of the truncation order M (denoted by µ X M (t)) at different values of the time parameter t.
These numerical results are compared with respect to the corresponding ones obtained by Monte Carlo method ( µ m X (t)) using m simulations. One observes Table 1 Comparison of the average using random truncated power series and Monte Carlo methods in Example 13 that for values of t near of the origin (where the initial conditions are established and the series solution s.p. is centered), the approximations obtained by the method proposed in this paper coincide for different truncation orders of the series solution. In fact, Table 1 shows that the approximations coincide in all their decimal digits for M = 10 from t = 0 to t = 0.40. The full stabilization of the five decimal digits showed from t = 0 to t = 0.9 is achieved for M = 80. Regarding approximations obtained by Monte Carlo method, they improve as the number m of simulations increases, as expected. However, it is worthwhile pointing out that, in general, they are worse than those obtained by truncated series method. Even more, the achievement of better numerical approximations using Monte Carlo entails an increase of the number of simulations, and therefore of the computational cost, which is higher than that required by the random truncated series method. Table 2 compares the values of variance for the truncation method with respect to Monte Carlo method. In order to show accurate approximations of the variance, Var X M (t) , greater values of M are required. So, in Table 2 we have considered values of M that differ from those we have taken in Table 1 . In this case, stabilization is achieved for M = 110.
Example 14
In this example we take advantage of the truncation method (see [20] ) to deal with a r.v. A that neither satisfy condition (13) nor has bounded domain. Let us consider model (1) where A is an Exponential r.v., A ∼ Exp(λ = 0.25). We will assume that the initial conditions X 0 and Table 2 Comparison of the variance using random truncated power series and Monte Carlo methods in Example 13 together with A are independent r.v.'s such that Table 4 Comparison of the variance using random truncated power series and Monte Carlo methods in Example 14
Conclusions
In this article we have constructed a power series solution to the random Legendre differential equation (1) with coefficients depend on a random variable A which has been assumed to be independent of the random initial conditions X 0 and X 1 . This includes the computation of approximations of the average and variance functions to the random power series solution. These approximations not only agree but also improve those provided by Monte Carlo method as we have shown through different illustrative examples. In order to obtain a random power series solution to (1), we have assumed that random variable A satisfies condition (13) which is related to the exponential growth of its absolute moments with respect to the origin. This condition is satisfied by every random variable having bounded codomain, otherwise it has been shown that the method of truncation for random variables is an useful tool that allows us to take advantage of our approach in order to get reliable approximations, both for the mean and variance. The foundations of the theoretical results used in this paper have been based on the so-called mean square and mean fourth calculus which can be considered as promising and powerful theory to deal with other second-order linear random differential equations in our forthcoming work.
